Distortion of quasiconformal mappings with
identity boundary values

Xiaohui Zhang
xiazha@utu.fi
University of Turku

Workshop on Modern Trends
in Classical Analysis and Applications

The First Chinese-Finnish Seminar
August 17, 2012, Turku, Finland

Turun yliopisto
University of Turku

Xiaohui Zhang Distortion of QC



Abstract

For a domain D C R", n > 2, we consider the class of all
K- quasiconformal maps of D onto itself with identity
boundary values and Teichmller’s problem in this context.
Given a map f of this class and a point x € D, we show that
the maximal dilatation of f has a lower bound in terms of
the distance of x and f(x) in the distance ratio metric. For
instance, convex domains, bounded domains and domains
with uniformly perfect boundaries are studied.

M. Vuorinen and X. Zhang, Distortion of quasiconformal
mappings with identity boundary values. arXiv:1203.0427v1
[math.CV]
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Teichmller’s classical mapping problem

Finding a lower bound for the maximal dilatation of a QC
self-homeo. which keeps the boundary pointwise fixed, and
maps a given point of the domain to another given point of the
domain.

Let D be a proper subdomain of R"” (n > 2), and let

Id(0D) = {f : R" — R" is K—quasiconformal : f(x) = x,Vx € R"\D}.

O. Teichmller, 1944

Let D =R?\ {0, e}, f € 1dk(AD). Then for all x € D,
sp(x, f(x)) < log K

where sp is the hyperbolic metric of D = R? \ {0, e}.
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The above result may be considered as a stability result since
f(x) is contained in the closure of the hyperbolic ball
Bs,(x,log K) with the radius tendingto 0 as K — 1.

Reshetnyak’s stability theory [R]:
@ Liouville’s theorem

@ estimate of the distance of a K-qc map from the "nearest"
Mdbius transformation in a suitable norm. normal family,
lack of explicit estimates.
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Asymptotically sharp explicit bounds for the convergence of
K-gc maps to the case K = 1. There are very few of these in
the literature. The key results are

Sharp dimension-free Schwarz lemma [AVV,1986]

Let f: B" — fB" be K—quasiconformal with f(0) = 0 and
fB" C B". Then

()] < Ae|x|* < 211K K |x|1/K

for x € B", where a = K'/(!=") and \, is constant depending
only on n. For each n > 2 the inequality is sharp for K = 1.
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Let ni n(t) = sup{|f(x)| : [x| =1, f € QCk(R"), f(er) = €4} for
t >0, where ey =(1,0,...,0).

Explicit estimate of the function of quasisymmetry of K-QC

maps [Vui, 1990]
The following inequalities hold for n > 2 and K > 1:
® nkn(1) < exp{6(K + 1)2VK — 1};
° nK,n(t) < 77K,n(1)90K n(t) 0<t<,
nk,n(t) < nkn(1)e1/kn(1/8), t>1.

Typically proofs make use of conformal invariants and moduli of
curve families and sometimes involve special functions.
Ideologically, our results follow the approach based on explicit
asymptotic sharp estimates.
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The hyperbolic metric pgn(x, y) on B":

n2 PEn(X.Y) _ X -y _
2 x—yP+(-IxP)(1-1yP)

The quasihyperbolic metric kp:

tan

xy:mf/ |dz| x,y €D,

where T is the family of all rectifiable curves in D joining x and
y,and d(z) = d(z,0D) is the Euclidean distance between z

and the boundary of D.
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The distance-ratio metric or j—metric:

- _ X~ y|
i) =100 (14 e ) Y <P
ip(x.y) < kp(x,y)

uniform domain D: 3U = U(D) > 1 s.t. kp(x,y) < Ujp(x, y) for
all x,y € D.
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The Grétzsch ring domain Rg »(s), s > 1, and the Teichmdiller
ring domain Rt »(t), t > 0, are doubly connected domains with
complementary components (B”, [se, o) and

([—e1, 0], [ter, )), respectively. For their capacities we write

{ ¥n(8) = capRg n(S) = M(A(B", [sey, o])),
7a(t) = capRr n(t) = M(A([—ey, 0], [teq, o).

Functional identity

n(8) = 2" (8% — 1).
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Rgnls) Rn(t)

Figure: Grotzsch and Teichmliller rings
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;
@K,n(f)zm, 0<r<1.

@K,n(o) = 0, SDK7n(1) =1
r < orn(r) < Aere <21=1VKKree o = k100
VKKK <N <oy ykn(r) <77, =1/,

where K > 1,r € (0,1), and the constant \, € [4,2e" ) is the
so-called Grétzsch ring constant.
Forn>2,te (0,0), K> 0, we denote

1 — o1k n(1/V1+ 1)
o1k n(1/VT+12

o) =72 (golt)) =
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Let o > 0 and assume that D c R" is a closed set containing at
least two points. Then D is s—uniformly perfect if there is no
ring domain separating D with the modulus greater than s.

Aseev, Sibrian Math J, 1999

Suppose that s > 0 and that s—uniformly perfect sets Ey and
E; meets each component of the complement of the spherical
ring D= {x: ry <|x— x| < r2} C R” with the following relation
between the radii

ra/ry > 1+ 2€°.
Then p
cap(Eyp, E1; D) > Clog r—z,
]

where the constant C > 0 depends only on s and the
dimension n of the space.
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o J. Krzyz, 1968: D = B?

@ G.D. Anderson, M.K. Vamanamurthy, 1979:
D =B", n> 3, (additional symmetry hypothesis)

@ V. Manojlovi¢, M. Vuorinen, 2011: D=B", n>3

[MV, D=B", n>3
If f € 1dk(0B"), then for all x € B",

1_

prn(X, f(x)) < log (1 + 28) . a=opyka(1/V2)7,

where pgn is the hyperbolic metric of the unit ball, and ¢k , is as
in .

v
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Vuorinen, 1984 [Vu2]: D =uniform domains with connected
boundary

K > cy(n, D)kp(x, f(x))"

whenever kp(x, f(x)) exceeds a bound depending only on n
and D. Here ¢ (n, D) is a positive constant depending only on n
and D.

As pointed out in [Vu2], it is not true for n > 3 that

kp(x, f(x)) > 0 implies K > 1. Indeed, let

X ={(x,0,0) : x € R} be the x;-axis, let D = R3\ X, and let
f: D — D be a rotation around the x;-axis with

f(x) =(0,—1,0),x =(0,1,0). Then fis conformal, i.e. K =1,
f keeps the xqj-axis X = 9D pointwise fixed, and D is a uniform
domain with connected boundary X and kp(x, f(x)) = .
Clearly, for this domain ¢(3, D) < 1/#3.
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For convex domains we can get an improved distortion theorem
which shows that for each x € D, the requirement f(x) # x
implies the maximal dilatation of f to be greater than 1. This
kind of behavior also holds for bounded domains.

Convex domains
Let D C R" be a convex domain and f € Idk(9D). Then for all
xeD

Jo(x, 1(x)) < log (1 + W) < log (1 + @)

where cx(n, K) = min{nk n(1), n1/k,n(1)~ "} with ca(n, K) — 1
as K — 1,and a= o1,k 5(1/v2)? — 1/2as K — 1. Here jp is
the distance ratio metric in D.

o’
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Proof. Write y = f(x). We may assume d(x) < d(y) since

f~1 € 1dk(AD) also. Fix z € D such that d(x) = |x — z|. For
t>0,write Ff ={z+u(z—x):u>t} Letl; = A([x, 2], F;) be
the family of all curves in R” joining [x, z] to F;.

M = f(I't) = A(f([x, 2]), Ft). It follows that

tx — z| , B
Tn < y 2] > < M(TH) < KM(Tt) = K 7p(t).

Setting t = 1, we have

ly — 2| < 1 B 1
X —z| = 77 (Ka(1))  m1/k,n(1)’
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and setting t = |y — z|/|x — z|,
ly — 2| _1 (a(1)
< = 1).
‘X _ Z’ =T K 77K,n( )
Hence it follows that
ly — 2| , 1
< min 1), ——
x—z) = Mtk

Since D is convey, it is easy to see that
ly — z2 > |x — y|? + |x — 2|2, and hence

2
x=yl _ [(ly=21\"_|,
x—z| =V \x—2
The definition of the j—metric, together with the last two
inequalities yields

Jo(x,y) <log (1 +1/c2(n, K)? — 1) ,

} = Cg(l'l7 K)
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For K close to 1, the above inequality can be simplified further.

Convex domain, K close to 1

Let D C R” be a convex domain and

log 3
K, =
" (1 +2(n—1)+|og$

and let K € (1, K] and f € Idk(9D). Then for all x € D

n—1
) € [Ko,V3), Kb~ 1.2693,

Jo(x,f(x)) <4VvK —1.
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By using Grétzsch’s extremal ring we can get a slightly
improved bounds for the case of unit ball and convex domains.

The unit ball
If f € Idx(OB"), then for all x € B”,

pin(x, £(x)) < log f”gK—“(%

| \

Convex domains
Let D C R" be a convex domain and f € Idk(9D). Then for all
xeD

2
. 106) < og ( o (P2 -]

o’
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Bounded domain

Let D be a bounded domain in R”, and f € Idx(0D). Then for
allxe D

1-a
a

|f(x) — x| < diam(D) tanh (% log ) , a= 301/,(,,,(1/\/5)2.

Proof. For x € D, D C B"(x, diam(D)) since D is bounded. Let
g(w) = (w — x)/diam(D), then h=gofo g~ € Idx(9B"). By
MV’s theorem,
1-a

a J

PBo (2521(_0))(, 0) = per(h(0),0) < log

|f(x) — x| < diam(D) tanh (% log - - a)

since ppn(z,0) = 2arctanh|z| for z € B". Doty
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The following theorem concerns the Hélder continuity of
quasiconformal self mappings in Idx (0B")

Holder continuity
If f € Idx(0B"), then for all x,y € B”

£00) — ()] < My (. K)lx — y|*, o= K/

where M;(n, K) = A}~2C(a) and
C(a) = 2'~*a~*/2(1 — a)@=D/2 'with M;(n, K) — 1 when
K —1,and X\, € [4,2¢"") is the Grétzsch ring constant.
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NN,
Proof. For R > 1 let h(x) = x/R, then
g:=hofoh™':B" — B"is a K-quasiconformal mapping. By
applying the following well-known inequality

ranh PU(X )2 W) o, <tanh p();y)>

and the estimate for the hyperbolic metric
XV pgnp PXY) o X
1+ |x]ly| 2 1—Ix]ly|
to the mapping g and points x/R, y/R for x, y € B", we have

If(x)/R— (y)/Rl X/R—y/R|
14 )RR = £ (1 - |xr|y|/Fr2> '

Hence

. R IFCIFI/R
100 1)l < Ml ]

MTCAR) X — y|©. (TR,
«0O)» « > = Q

IN
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where

R+ R
AR = B—Rr 9
It is easy to check that A(1+) = oo = A(o0) and
B 1+ Va
TV 1= a

is the unique value of R in the interval (1, o) such that
A'(R) = 0. Hence we have

Cla) = 1<m|£1 A(R) = A(Ry) = 2" ®a~%/2(1 — a)(@=1)/2,

Since the inequality (1) holds for all R > 1, we get
(%) = f(¥)] < Ay~ Cla)lx — y|*.

It is easy to see that C(1-) =1, and hence
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